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Abstract Sigma-coordinate ocean models are attractive because of their abilities to resolve bottom and surface boundary layers. However, these models can have
large internal pressure gradient (IPG) errors. In this
paper, two classes of methods for the estimation of the
IPGs are assessed. The first is based on the integral approach used in the Princeton Ocean Model (POM). The
second is suggested by Shchepetkin and McWilliams
(2003) based on Green’s theorem; thus, area integrals
of the pressure forces are transformed into line integrals. Numerical tests on the seamount problem, as well
as on a northwestern Atlantic grid using both classes
of methods, are presented. For each class, second-,
fourth-, and sixth-order approximations are tested. Results produced with a fourth-order compact method
and with cubic spline methods are also given. The
results show that the methods based on the POM
approach in general give smaller errors than the
corresponding methods given in Shchepetkin and
McWilliams (2003). The POM approach also is more
robust when noise is added to the topography. In particular, the IPG errors may be substantially reduced by
using the computationally simple fourth-order method
from McCalpin (1994).
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1 Introduction
Sigma coordinate ocean models, or models based on
more generalized terrain-following coordinate systems,
are widely used in oceanographic studies, see for instance Kantha and Clayson (2000). In σ -coordinate
ocean models, the x-component of the internal density
gradient may, after neglecting the free surface elevation, be written

∂ρ 
∂ρ
σ ∂ H ∂ρ
=
−
,

∂x z
∂x
H ∂ x ∂σ

(1)

where x is the horizontal coordinate, z the vertical
coordinate, ρ the density, H the depth, and σ ≡ z/H.
Near steep topography, the two terms on the right-hand
side of Eq. 1 may be large and comparable in magnitude. The difference of two large terms may cause large
errors in the estimates of the internal pressure gradient.
Over the years, there has been some controversy
over the concept “hydrostatic consistency,” see Haney
(1991). A scheme is said to be hydrostatically consistent
if


 σ δx H 


 δσ H  < 1 .

(2)

In Eq. 2, δσ is the discrete sigma layer thickness and δx is the discrete difference operator in
the x-direction. For non-zero σ , a σ -model becomes
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hydrostatically inconsistent when δσ tends to zero.
Mellor et al. (1994) derived the following discretization
error for the second-order internal pressure method
used in the Princeton Ocean Model (POM) (Blumberg
and Mellor 1987; Mellor 2003):





2 
δx b
H δx H ∂ 2 b
2
2 δx H
E
=
,
(δσ ) − σ
δx
4 δx
∂z2
H
(3)
where b = ρg/ρ0 , g is the gravity constant, and ρ0 is a
constant reference density; Eq. 3 shows that the error
decreases as δσ and δx H both tend to zero, contrary to
that implied by Eq. 2. It also shows that, for a given
σ and δx H/H, the error does not become large as δσ
tends to zero. Therefore, hydrostatic consistency is not
a useful concept. The error term Eq. 3 suggests that
the truncation errors may be reduced if higher-order
schemes are used. Furthermore, the error behaviors
may strongly depend on the particular discretization
scheme used.
Mellor et al. (1994) showed that, in diagnostic experiments, the pressure errors are maintained in time as an
input of potential energy, and the mean kinetic energy
does not tend to zero even if the system is not externally
forced. However, in two-dimensional (x, z) prognostic
experiments, the density field is advectively adjusted,
the numerical potential energy tends to zero, and the
mean kinetic energy accordingly dies out.
Beckmann and Haidvogel (1993) studied flow over
a three-dimensional seamount. For their internal pressure gradient (IPG) scheme, the vorticity resulting
from the IPGs grew indefinitely in time. For the same
seamount problem, Mellor et al. (1998) reported that
the errors asymptote to constants in time. Mellor
et al. (1998) categorized the errors reported in Mellor
et al. (1994) as sigma errors of the first kind (SEFK).
These errors are associated with two-dimensional (x, z)
flow. They categorized the vorticity errors reported by
Beckmann and Haidvogel as sigma errors of the second
kind (SESK). For the SEFK, the internal pressure errors create first errors in the velocities, which die out as
a compensating error in the density field develops. For
the SESK case, the velocities driven by the perturbed
density field asymptote to constant values in time.
The IPG errors may be reduced by increasing
the values of the eddy viscosities, see for instance
Mellor et al. (1998), Berntsen (2002), and Shchepetkin
and McWilliams (2003) (SM03). The errors may also
be reduced by subtracting the background stratification, ρref (z), or some fraction of it, see Gary (1973)
and Mellor et al. (1998). The erroneous flow may be
reduced to any level in idealized studies where the

density is a function of z only by subtracting ρref (z).
For the case of ρ = ρ(z), for instance, one may choose
ρref (z) = ρ(z) and there will be no erroneous IPGs.
Therefore, to get an idea of the magnitude of the
artificial flow in experiments with more realistic IPGs,
one may avoid subtraction of ρref (z) as in Barnier et al.
(1998), Berntsen (2002), and SM03. The subtraction
of a background density profile may create erroneous
pressure gradients also for a homogeneous ocean. In
Robertson et al. (2001), this problem is discussed and
methods for eliminating the errors associated with the
subtraction of a background density profile are given.
In the studies to be described in the present paper,
ρref (z) is not subtracted. A third technique to reduce
the IPG errors is to smooth the topography or to reduce
δx H
, see Mellor et al. (1994), Barnier et al. (1998), and
δx
Sikirić et al. (2009). When smoothing the topography,
results for a model domain different from the physical
domain will be produced. This will create an additional
source of errors, and the errors due to topography
smoothing should ideally be quantified if this approach
is chosen. In Di Lorenzo et al. (2006), for instance, it
is demonstrated that topography smoothing may affect
the conversion of energy from the barotropic tides to
the internal tides.
Stelling and Van Kester (1994) suggested that the
IPG errors may be reduced by interpolating the density
back to z-levels to calculate the pressure gradient force.
The Stelling and Van Kester (1994) method is the
only method that guarantees that the estimated IPGs
are zero when the real pressure gradients are zero.
However, Slørdal (1997) stated that the pressure gradient force may be underestimated using this approach
and suggested linear interpolation in the vertical. For
further discussions on z-level methods, see Kliem and
Pietrzak (1999), Ciappa (2006), and Fortunato and
Baptista (1996).
New algorithms that attempt to reduce the size of the
internal pressure errors are presented in several papers.
McCalpin (1994) and Chu and Fan (1997, 2003) proposed using higher-order approximations. Weighted
Jacobian methods have also been suggested, see Song
(1998) and Song and Wright (1998). In the POM, and
most other σ -coordinate models, the internal pressure
forces are computed by estimating vertical integrals
of Eq. 1. SM03 proposed using Green’s theorem. In
their approach, area integrals of the pressure forces
acting on the cells surrounding the velocity points
are transformed into corresponding line integrals. The
line integrals are computed using exact integrations of
polynomial fits of the integrands. SM03 show that the
methods based on the use of cubic splines perform very
favorably.
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The growth of the IPG errors may depend also
on components of the ocean models other than the
estimates of the pressure forces (Berntsen and Furnes
2005). In the present paper, we investigate if the general conclusions from SM03 may be extended to other
terrain-following models. In particular, we wish to clarify if the good performance reported in SM03 was
due to the use of Green’s theorem approach or to the
use of higher-order methods. Furthermore, the role of
the vertical approximation methods vs the horizontal
methods will be clarified.
Ezer et al. (2002) also tested different IPG methods
for the seamount case, including some of the SM03
methods. However, the results are inconclusive in part
because different models (POM and ROMS) were used
for different methods. In the present study, all tests
are performed using the same ocean model (POM).
We also expand the range of methods and integration
time, and also examine effects to IPG errors for the
seamount with noise added to the topography. Additionally, the IPG errors for a model with realistic
topography (northwest Atlantic) are evaluated.

The strategy in C-grid models like the POM is to
approximate the pressure forces (Eq. 4) in the velocity
points of the model, using second-order differences on
the derivatives and the trapezoidal rule on the vertical
integrals. It is mathematically equivalent to basing the
discretization on Eq. 4 or Eq. 6. The integrand in Eq. 6
∂ρ
is somewhat less complicated, the ∂σ
term in Eq. 4 is
replaced by ρ. This simplifies the computations slightly,
especially when introducing higher-order methods on
the integrations. The studies to be presented are based
on discretizations of Eq. 6.

2.2 Green’s theorem approach
In SM03, the area integrals of the pressure forces acting
on the cells surrounding the velocity points are transformed into corresponding line integrals around the
surrounding cells according to
 
A

2 The two approaches
In this section, the two approaches for estimation of the
IPG forces in σ -coordinate ocean models are described.
In the POM, vertical integrals are used to estimate the
IPGs, and this will be denoted as the POM approach.


∂ρ 
dxdz =
∂ x z

ρdz

(7)

using Green’s theorem. Statement 7 is the same as
(2.14) in SM03. Using this approach, they approximate
the contour integrals in the right-hand side of Eq. 7
using analytic integrations. This leads them to their
Cubic-A and Cubic-H methods, which apply algebraic
and harmonic averaging of the derivatives at the end
points of the intervals, respectively. For details, see
Section 5 in SM03.

2.1 POM approach
After including the effects of the free surface elevation
η, the x-component of the IPG term may be written

2.3 The comparison



 
gD 0 ∂ρ
σ ∂ D ∂ρ
1 ∂ p 
=−
−
dσ,
−
ρ0 ∂ x  z
ρ0 σ ∂ x
D ∂ x ∂σ

In order to examine possible benefits from Green’s
theorem approach, a sequence of studies where the
approximations in both approaches are taken to the
same order of accuracy is performed. To second order,
both methods become identical, and therefore, higher
order is necessary to clarify the differences.
The fourth-order methods used for the POM approach are the McCalpin method and a method based
on compact differencing, see Orzag and Israeli (1974).
The compact differencing fourth-order method is implicit and requires the solution of tridiagonal systems
of equations. However, there is numerical evidence
(Orzag and Israeli 1974) that the errors may be substantially reduced by using this technique. For the SM03
class of methods, the method based on four-point cubic
polynomial fit (their statements (5.5) and (5.6)) is used
in addition to the Cubic-H and Cubic-A methods.

(4)

where D = H + η and H is the undisturbed water
. Utilizing integration by parts on the
depth and σ ≡ z−η
D
second term under the integral above according to


0
σ

σ

∂ρ
dσ = −σρ −
∂σ



0
σ

ρdσ ,

the IPG term may be rewritten as

1 ∂ p 
−
ρ0 ∂ x  z
 0 

gD
∂ρ
1 ∂D
σρ ∂ D
=−
+
ρ dσ +
.
ρ0
∂x
D ∂x
D ∂x
σ

(5)

(6)
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Table 1 List of acronyms

Acronym

Method

Computation
time (in s)

The computation times are
for 2 days of integration over
a 65 × 49 × 51 grid for the
seamount problem with an
internal time step of 180 s
using a serial code on an Intel
OPTIPLEX 760 PC

pom2nd
pom4thMcC
pom4thCmp
pom6th
sm4thpoly
sm4thCubicH
sm4thCubicA
sm6th

POM standard 2nd order
POM 4th order McCalpin
POM 4th order compact differencing
POM 6th order Chu and Fan
SM03 4th order polynomial interpolation
SM03 4th order Cubic H
SM03 4th order Cubic A
SM03 6th order polynomial interpolation

52.3
55.4
68.1
62.1
56.0
56.7
56.2
74.4

To sixth order, the method described in Chu and Fan
(1997) is used for the POM approach. The methods
from SM03 are also extended to sixth order to facilitate
a comparison, see Appendix for details.
The focus in the present paper is on the sensitivity of
the errors to the horizontal approximations. The sensitivity of the errors to the choice of vertical integration
method is less, but these errors will also be presented.
In Table 1, a list of acronyms for the various methods is
given to simplify the referencing in the following text.

3 The seamount case
The seamount problem was defined by Beckmann and
Haidvogel (1993) and later used in many papers, see
for instance Mellor et al. (1998), Shchepetkin and
McWilliams (2003), and Berntsen and Furnes (2005).
The bottom topography in the present studies is
defined as
H(x, y) = H0 (1.0 − 0.90e−(x +y )/L ) ,
2

2

2

(8)

where H0 = 4,500 m and L = 40 km. The seamount is
placed in the center of a channel that is 390 km long in
the x-direction and 294 km wide in the y-direction. The
channel is closed at x = 0 km and x = 390 km, and at
y = 0 km and y = 294 km.
The horizontal grid size is constant and equal to
6 km. The Coriolis parameter is constant and equal
to 10−4 s−1 . The horizontal viscosity, A M , is set equal
to 100 m2 s−1 and the horizontal viscous terms are
written as in Mellor et al. (1998). The horizontal and
vertical diffusivities are zero in the present experiments.
An initial exponential stratification is assumed
ρ(z) = ρb − ρez/500 m ,

(9)

where z is the upward distance from the surface in
meters, ρb = 28 kg m−3 , and ρ = 3.263 kg m−3 . The
Burger number
gH0 ρ/ρ0
fL

S=

(10)

becomes 3.0 for the present set of parameters. The
perturbation density ρ  (in kg m−3 ) is initially defined
as
ρ  (z) = 1.5 ez/500 m .

(11)

Following Mellor et al. (1998), see also Beckmann
and Haidvogel (1993), the perturbation density is
solved using the linearized equations to isolate the IPG
errors. By using linearized equations, we can, for example, set the horizontal diffusivities to zero and avoid diapycnal mixing that may complicate the interpretations
of the IPG errors. The perturbation density ρ  is also
used to estimate the IPGs.
The velocities and the water elevation are initially
zero, and there is no physical forcing in this case. The
true solution is no flow.
In the numerical experiments, the following diagnostic measures, see Mellor et al. (1994, 1998), and SM03,
are monitored:
kinetic energy,
Ekin =

1
2V

2
Vi+ 1 , j,k ui+
+ Vi, j+ 1 ,k vi,2 j+ 1 ,k
1
, j,k
2

2

2

i, j,k

2



,

(12)
and maximum velocity,
Vmax = max ui+ 1 , j,k , vi, j+ 1 ,k
2

2



.

(13)

In the equations above,
V=

Vi, j,k ,
i, j,k

(14)
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Fig. 1 The maximum velocities Vmax after 10 days are given in a, and the kinetic energies Ekin are given in b as functions of the number
of equidistant σ -layers for the three vertical integration methods. The pom2nd method is used for the horizontal approximations

is the total volume of the domain, and Vi, j,k , Vi+ 1 , j,k ,
2
and Vi, j+ 1 ,k are control volumes of ρ, u, and v point
2
grid boxes, respectively.
3.1 Sensitivity of the errors to the vertical
discretization method
To investigate the sensitivity of the errors to the estimation of the vertical integrals, the kinetic energies and
maximum velocities after 10 days are given in Fig. 1 for
the following vertical integration methods
1. The trapezoidal rule as in the POM.
2. The trapezoidal rule over all interior intervals and
the assumption of a linear density profile is used

to integrate over the top half cell, see Remark 4 in
Section 5.1 in SM03.
3. The vertical integrals are estimated to fourth-order
accuracy, except for the bottom and top integrals,
which are estimated to second order.
The number of equidistant σ -layers is varied from 5
to 50.
Figure 1 shows that the results are insensitive to the
choice of vertical integration method, and the results
for methods 1 and 2 are hardly distinguishable. The
results produced with 20, 30, 40, and 50 equidistant
σ -layers are almost identical when using the pom2nd
method for the horizontal approximations. This is consistent with the discussion of the error term Eq. 3 given
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Fig. 3 Time series of Vmax and Ekin for the pom2nd method and the five fourth-order methods (a, b)

in Section 1. In other words, the “hydrostatic consistency” condition Eq. 2 does not seem to be relevant.
When applying higher-order approximations horizontally, one may expect that the vertical integration
errors may become more important, and that more
vertical layers are needed to benefit from the improved
horizontal approximations. To demonstrate this, the
exercise of Fig. 1 is repeated with the pom6th method,
see Fig. 2. The effects of using a second-order method
over the upper half cell, method 2, are, again, very
small. Figure 2 shows that, with increased horizontal
accuracy using the sixth-order scheme, there is a clear
reduction in IPG errors when the fourth-order vertical
scheme is used, especially at relatively coarse δσ . With

an increased number of σ -layers, the improvement
is less.

3.2 Sensitivity of the errors to the horizontal
discretization method
We next focus on the horizontal approximations and
compare the fourth-order POM-type methods and
fourth-order SM03 methods. Time series of maximum
velocities and kinetic energies are given in Fig. 3.
These experiments are performed with 40 equidistant
layers. With this vertical grid spacing, the horizontal discretization errors dominate and the standard

–3

0.2

10

–4

10

2

[m /s ]

–5

10

2

pom2nd
0.1

kin

pom6th

E

Vmax [m/s]

0.15

sm6th
0.05

–6

10

–7

10

0

–8

0

30

60

90

120

150

180

10

0

30

60

90

Time [days]

Time [days]

(a)

(b)

Fig. 4 Time series of Vmax and Ekin for the pom2nd method and the two sixth-order methods (a, b)
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Fig. 5 Same as Fig. 3, but for the experiments with uniformly distributed noise added to the bottom topography (a, b)

The results for the sixth-order methods for both the
POM and SM03 are similar, see Fig. 4, with slightly
smaller errors for the POM method. On a short time
scale, the errors for the sixth-order methods are smaller
than the errors for the fourth-order methods (cf. Fig. 3),
but the former errors increase with time. Therefore, it
may not be beneficial to use the sixth-order schemes
for long time integrations. To investigate the sensitivity
of the results to a noisy topography, the above calculations are repeated by perturbing the smooth seamount
topography (Eq. 8) according to

H(x, y) = H0 (1.0 − 0.90e−(x +y )/L ) − 50 m × r ,
2
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trapezoidal rule is applied vertically. The errors are
generally reduced when applying the fourth-order
horizontal approximations. The sm4thCubicA method
clearly produces larger errors than the other fourthorder methods, and the sm4thpoly method, the
pom4thMcC method, and the pom4thCmp method all
perform well in this test case. In SM03, it is argued
that the fourth-order polynomial fit method did create
spurious oscillations in the polynomial fits to the density
profiles and that oscillations are avoided when using
the Cubic-H method. In view of these arguments, it is
surprising that the errors produced with the sm4thpoly
method are smaller than the corresponding errors produced with the sm4thCubicH method.
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where r is a random number uniformly distributed between 0 and 1. For each experiment, the same sequence
of random numbers is used. The maximum velocities
and kinetic energies for these experiments are given
in Figs. 5 and 6. The POM methods are, in general,
more robust to the added noise than the SM03 methods.
By comparing the results for the sixth-order methods
(Figs. 4 and 6), we notice that the errors grow faster
in the later set of experiments for the sm6th method.
This finding is in agreement with the general experience
in numerical modeling that higher-order methods are
most favorable on smooth, analytical problems. On the
other hand, the pom6th method is surprisingly wellbehaved (Fig. 6). The effects of the added noise on the
results for the fourth-order methods fall between the
corresponding effects on the second- and sixth-order
methods. The growth of the errors produced with the
sm4thCubicA method becomes, however, very large in
the noisy topography case (Fig. 5).

4 The Northwest Atlantic case
To assess the IPG errors in a typical oceanic application
with realistic bathymetry, we apply the above analysis
to a model of the northwestern Atlantic Ocean: 5–50◦ N
and 55–98◦ W on an orthogonal curvilinear grid. The
topography is from the US Navy’s DBDB2 v2.2 dataset
linearly interpolated onto the grid. The grid is similar to
that used in Oey et al. (2003); however, to accentuate
the IPG errors, the horizontal grid sizes are doubled
(i.e., coarser), so that they are approximately 20 km
in the Atlantic Ocean and in the Gulf of Mexico, and

about 40 km in the Caribbean Sea. The same 25, nonuniform sigma levels are used in the vertical, finer near
the bottom and surface. Results from POM and SM03
methods will be presented, except the sm4thCubicA,
which gave excessively large errors, and which became
unstable.
The same initial stratification (Eq. 9) as that used
for the seamount case is used. The perturbation density
is made ten times smaller, i.e., ρ  = 0.15ez/500 m , which
is more typical of the oceanic conditions. In a linear
solution, the pressure gradient error is proportional to
ρ  , so the results below may be scaled appropriately for
different values of ρ  . Because of the coarser grid, the
horizontal viscosity is also made five times larger, i.e.,
A M = 500 m2 s−1 . Other model set-ups are otherwise
identical to the seamount case: The linearized equations from Mellor et al. (1998) are integrated in time
with no physical forcing, and the initial state is a fluid
at rest. In each of the following tests, the model was
integrated for 180 days (note: the reference density is
not removed when computing the IPG). The domain
is closed on all four sides so that, as in the seamount
problem, the exact solution in the absence of forcing is
a quiescent fluid.
The maximum velocities and kinetic energies for
the Northwest Atlantic experiments are compared in
Fig. 7. The SM03 methods, the sm4thCubicH method
in particular, initially give smaller errors. However,
these errors grow with time, and by day 120, all the
fourth-order methods show comparable Vmax , which
are smaller than the Vmax for the pom2nd method
by approximately a factor of two. The Vmax for the
fourth-order POM methods reaches a minimum of less
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Fig. 7 Time series of Vmax and Ekin for the Northwest Atlantic experiment for the pom2nd method and four fourth-order methods
(a, b)
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than 0.1 m s−1 near day 170 before increasing through
day 180. The Vmax for the fourth-order SM03 methods
increases with time, as does also Vmax for the secondorder POM. In pom2nd, however, the Vmax decreases
with further time integration.
The domain-averaged kinetic energy, Ekin , is comparable for the fourth-order POM methods (McCalpin
and compact differencing give virtually identical errors)
and the sm4thCubicH method, see Fig. 7b, with the
fourth-order POM giving slightly smaller Ekin than the
sm4thCubicH. Consistent with the results for the Vmax
errors in Fig. 7a, the fourth-order POM methods show
errors that asymptote to a constant value. The SM03
fourth-order Cubic-H method shows an increasingerror behavior. We will show below (Fig. 9) that the
SM03 methods in general also give larger errors over
wider regions than the POM-type methods. This explains why the Ekin errors in both methods are comparable at all times, with the sm4thCubicH error being
slightly larger after day 180. It also explains why the
Ekin error in the sm4thpoly method is actually as large
as the pom2nd method (Fig. 7b).
The general error behaviors for the sixth-order
schemes, see Fig. 8, are similar to those described above
for the fourth-order methods (i.e., Fig. 7). Also, consistent with the findings in the seamount tests that sixthorder methods do not necessarily give reduced errors,
a comparison of Fig. 8 with Fig. 7 shows that, in this
realistic northwest Atlantic experiment, the sixth-order
methods actually yield larger errors. In view of this
result (and the increased complexity of the sixth-order
methods), and the fact that the fourth-order methods
do give an order of magnitude smaller averaged errors

than the standard second-order POM (Fig. 7b), the
fourth-order methods are particularly attractive.
The advantage of using the fourth-order methods
may be demonstrated by giving the depth-integrated
transport stream function (in Sv; 1 Sv = 106 m3 s−1 ) over
the model domain for the pom2nd method, the fourthorder POM methods, and the sm4thCubicH method,
see Fig. 9. Plots for the sm4thpoly and the pom6th
methods are also included, although these methods
yielded poorer results than the other fourth-order
methods. Large IPG errors exist for the second-order
POM method over steep slopes and trenches north and
east of the Bahamas and the Windward Islands, and
also at isolated locations in the Caribbean Sea (Fig. 9a).
Cyclonic (red) and anticyclonic (blue) transports with
maxima of about 4 Sv are seen. With the fourth-order
methods, these errors are mostly eliminated, and only
an isolated error of O(1–2 Sv) magnitude remains near
Jamaica (i.e., south of Cuba); here, the grid size is very
coarse, of O(40 km). Over the other regions, the IPG
errors are smaller, less than 1 Sv. The POM fourthorder methods (both McCalpin and compact differencing) give very similar error distributions. In comparing
the sm4thCubicH method (Fig. 9d) with the fourthorder POM methods (Fig. 9b or c), we see that the
former has slightly larger error (lighter green, just under 1 Sv) over wider regions of the domain than the
latter (darker green, about 0.3 Sv). This was mentioned
previously in conjunction with the smaller Ekin error
in the case of the POM fourth-order methods when
compared with the SM03 Cubic-H method (Fig. 7b).
The basin-averaged absolute stream functions are least
for pom4thMcC and pom4thCmp, both at 0.11 Sv; the
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 Fig.

9 Stream functions (+ for cyclonic circulation) after
180 days for a the pom2nd method, b the pom4thMcC method,
c the pom4thCmp method, d the sm4thCubicH method, e the
sm4thpoly method, and f the pom6th method. For clarity, small
values for water depths less than 200 m are omitted

error is 0.13 Sv for sm4thCubicH, and is 0.37 Sv for
pom2nd. The absolute stream function error is 0.37 Sv
for sm4thpoly, and is 0.15 Sv for pom6th. As commented above, the sm4thpoly method performs poorly,
while the sixth-order methods (same with sm6th, not
shown) yield worse results than the more efficient
fourth-order methods.

5 Conclusion
In the present paper, POM approach methods for estimating the IPGs in σ -coordinate ocean models are
compared to the corresponding methods based on
the integral approach suggested in Shchepetkin and
McWilliams (2003). In order to separate out the effects of higher order from the effects of the basic
integral approach, methods to the same order of accuracy are compared and a sixth-order method based
on the SM03 approach is derived to facilitate the comparison. We find that the errors may be substantially
reduced by using one of the fourth-order POM methods, the McCalpin (1994) method, or the fourth-order
compact differencing method, rather than the secondorder POM method. The fourth-order SM03 methods
are generally less robust than the fourth-order POM
methods. However, the fourth-order POM methods are
only marginally more accurate than the fourth-order
SM03 Cubic-H method in the realistic case. It may
accordingly be difficult to identify an overall “best”
method, see also the results and discussions in Kliem
and Pietrzak (1999), Berntsen and Thiem (2007), and
SM03. It will be the sum of numerical evidence provided in this and other similar work that points towards robust and good methods. With several good
candidates for the estimation of the IPGs to choose
from, other criteria like computational cost may also be
considered.
A change from the standard second-order POM
method to a higher-order method increases the
computational complexity. When using the compact
differencing fourth-order method, the computational
stencil becomes as wide as the computational domain,
and the solution of tridiagonal systems of equations is
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involved. The Cubic-H method from SM03 involves
more algebraic operations than the McCalpin method
and the Cubic-H method requires tests on the signs of
the local derivatives, see Section 5 in SM03. Such tests
may reduce the computational efficiency, especially
on vector processors. The computational times for
2-day integration of the seamount problem (Table 1)
indicate that the cost for using higher-order schemes
such as the pom4thMcC and the sm4thCubicH is only
6% to 8% more than the pom2nd. We find that, for
longer integrations of 100 days or more, and especially
when using the full model (instead of the simplified
version used here), the pressure gradient estimation
is but a small portion of the model calculation, and
the additional costs become insignificant. The computational stencil of the fourth-order McCalpin (1994)
method involves two more points than the secondorder POM method. It is, however, still much simpler
than other fourth-order methods. The IPG errors are
substantially reduced when using the McCalpin method
rather than the second-order POM method. The results
from the present numerical exercises suggest that this
method is robust and performs favorably compared
to the other fourth-order methods. The fourth-order
McCalpin (1994) method also performed well in the
numerical exercises for the Nordic Seas on IPG errors
reported in Berntsen and Thiem (2007).
It is not clear that the errors are further reduced
when extending from fourth to sixth order, especially
in long time integrations. The sixth-order Chu and Fan
(1997) method seems to be more robust than the new
sixth-order method based on the SM03 approach.
Finally, in real applications, there are techniques
such as topography smoothing and the subtraction of
the area-averaged mean density profile that can reduce
the IPG errors, see the discussion in Section 1. The
IPG errors are also reduced as we use higher spatial
resolution. In a recent study of tidal flow over a sill, for
example, the maximum IPG error was 1 × 10−4 ms−1 ,
whereas the maximum tidal velocity over the sill was
0.65 ms−1 , see Berntsen et al. (2008). That study was
done with a horizontal grid size of 12.5 m. In such highresolution exercises, there are other sources of errors
such as details in the topography and parameterization
of subgrid scale processes that are more critical.
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To obtain a sixth-order method, three more terms
must be added to the terms on the right-hand side of
equation (5.10) in SM03 as follows:

Appendix: The sixth-order method using Green’s
theorem approach
To extend the methods based on Green’s theorem
approach to sixth order, statement (5.5) in SM03 is
extended to include up to fifth-order terms
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which corresponds to equation (5.6) in SM03.
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which is the same as the leading term given in Section
5.1, Remark 7 in SM03. Statement (5.6) from SM03
may be used to correct the second-order approximation
above to fourth-order accuracy, and the following terms
must be added to the approximation:

17
13
( f1/2 + f−1/2 ) +
( f3/2 + f−3/2 )
24
16

f (4) = ( f1/2 + f−1/2 ) −

+

Estimating the integral along the horizontal lines, see
statement (5.4) in SM03, to second order, we get the
following approximation:
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When it is required that the polynomial fit to the
values in the grid points, the six coefficients in the
equation become
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Using the expressions for f (0) to f (5) given above,
the approximation may be corrected to sixth-order
accuracy by adding the following 18 terms:

2741
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is sufficient. The main focus in the present paper is
accordingly on higher-order methods for the horizontal
approximations.
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